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1. INTRODUCTION 
In this paper we are concerned with the problem of oscillation of the 
first-order neutral differential equ tions of the form 
$ [x(t) -h(t) x($t))l+ P(l) xk(t)) = 0 (A) 
and 
; Cx(f) - h(t) x(~(t))l- P( ) x(dt)) = 0, 03) 
where the following conditions areassumed to hold without further 
mention: 
(a) h: [to, co) + (0, co) is continuous; 
(b) T: [t,,, cc) -P R is continuous, increasing, a d satisfies l m,_ oo r(t) 
=cQ; 
(c) P: Cb, co) --t (0, 00) is continuous; 
(d) g: [z,, co) + R is continuous andlim,, a, g(l) = cc. 
In what follows, by a solution f(A) (or (B)) we understand a 
continuous function x:[t,, co) + R such that x(t) - h(t) x(r( t)) is con- 
tinuously differentiable and satisfies (A) (or (B)) for all sufficiently large
t 2 t,. As is customary, we restrict our attention t  those solutions x(t) of 
(A) (or (B)) which satisfy 
sup{ Ix(t)\ : t 2 T} >o 
for any TB t, (the so-called proper solutions). Suchasolution is said to 
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be oscillatory if it has arbitrarily large zeros in [t,, co) and it is said to be 
nonoscillatory o herwise. 
Surveying the rapidly expanding literature devoted to the study of 
oscillatory and asymptotic properties of neutral equations, onefinds that 
most of the papers concerns linear equations with constant coefficients and 
constant deviations (see, for example, Gopalsamy [Z, 31, Gramma- 
tikopoulos, Grove, and Ladas [4,5], Grove, Kulenovic and Ladas [6], 
Grove, Ladas and Meimaridou [7], Gyori and Ladas [9], JaroS [ll], 
Kulenovic, Ladas, and Meimaridou [ 133, Ladas and Sficas [14], and 
Ruan [ 181). Results hat apply to the neutral equations of form (A) (or 
(B)) with general h(t) and t(t) seem to be few. We refer, in particular, to 
the recent paper [12] concerning hi her-order linear neutral differential 
equations with several deviating ar uments. 
The characteristic feature ofour results is that no “a priori” restriction 
upon h and r (such as h(t) < 1 or h(t) > 1 and z(t) < t or r(t) > t) is made. 
Thus much of the previous literature on this ubject isextended and 
unified. On the other hand, even when specialized to the simplest case of 
neutral equations with constant parameters, the results we present here 
are new and improve the known oscillation criteria available forsuch equa- 
tions in the literature. 
2. MAIN RESULTS 
We start with a preliminary nalysis of the asymptotic behavior f
possible nonoscillatory solutions f (A) and (B). The notation 
z”(t) = t, zi( t) =t(P l(t)), z-‘(t) 
=Z - l(5-(i- l)(f)), i = 1, 2, . . 
is employed, where T’- l(t) denotes the inverse function of t(t), 
i- 1 
H,(t) 3 1, Hi(t) = n h(z’(t)), i= 1, 2, . . . 
j=O 
Let x(t) be a nonoscillatory solution of (A) (or (B)). From (A) (or (B)) 
it follows that he function 
y(t) =x(t) -h(t) x(dt)) (1) 
is eventually monotone, sothat y(t) must eventually be of constant sign. 
Thus, either 
x(t) Y(f) ’ 0 (2) 
@WS9/2-8 
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x(t) y(t) < 0 (3) 
for all sufficiently larget. Consequently, he possible nonoscillatory solu-
tions of (A) (or (B)) can be partitioned i toisjoint subsets N+ and N- 
of the set N of all nonoscillatory solutions according to whether (2) or (3) 
is satisfied. 
Observe now that if XEN+, i.e., (2) holds, then for every T2 t, and 
every integer k 20 there exists a Tk 2 T such that 
z’(t) 2 T, i=O, l,..., k+ 1, (4) 
and 
Ix(c)l 2 i Hi(t) lY(zi(t))l (5) 
i=O 
for tz Tk. 
In fact, (4) follows readily from the assumption lim,, o. r(t) = co. 
Furthermore, using the relation 
x(f) = v(t) + h(t) x(t(t)) 
repeatedly, we find 
Ix(t)l = 5 Hi(t) I.J4zi(t))l + Hk+ I(t) IX(zk+‘(z))l 
i=O 
L i Hi(t) IY(ri(t))l 
i=O 
for t2 Tk as claimed. 
In a similar manner we can show that if XE N-, then for every 
sufficiently largeT and every integer m 2 1 there exists a T,,, 2 Tsuch that 
z-‘(t) 2 T, i=l , . . m, (6) 
and 
(7) 
for tz T,. 
Consequently, from(A) it follows that if xE N +, then for every integer 
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k 2_ 0 the function y(t) defined by(1) satisfies th  “ordinary” functional 
differential inequality 
Y’(f) + P(t) 5 Hi(g(t)) Y(~‘(g(t))) skvY(t) 5 0 (8,) 
i=O 
for all tlarge nough, and if x E N -, then for every integer m 2 1 the 
function y(t) satisfies 
i 
Y’(t) - P(t) t CHi(t-i(g(t)))l-’ Y(~-i(df))) 
I 
w Y(f) 2 0 (9,) 
i=l 
for all tsufficiently large. 
Similarly, fora nonoscillatory solution x EN + of Eq. (B) and any 
integer k 20 the function y(r) satisfies th  inequality 
i 
y’(t) - p(t) i Hik(t)) A4g(t))) w y(t) 20 
i=O i 
(10,) 
provided that is large enough, and for xE N - and any m 2 1 the function 
y(t) is the nonoscillatory solution of 
i 
y’(f) + p(t) $ CH,(+Mf)))l-’ A+k(t))) sgn y(t) 50 (11,) 
i=l I 
for all sufficiently larget. 
It is now obvious that if there xists aninteger k 2.0 such that he 
inequality (8,) (resp. (10,)) has no nonoscillatory solutions, thenN + = @ 
for (A) (resp. (B)) and, similarly, the nonexistence of nonoscillatory 
solutions f (9,) (resp. (11,)) for some m >= 1 implies that N- = @ for 
(A) (rev. PI). 
The derivation of ur main results in this paper is based on the following 
two lemmas due to Nadareishvili [16](see also [17)) which provide 
oscillation criteria forfunctional differential inequalities of theform 
U’(t) + i pi(?) U(@i(t)) sgn U(t) 50 
I 
(12) 
i=l 
and 
i 
u’(t) - i Pitt) u(“i(t)) 
i=l 1 
w u(t) 20, (13) 
where Pi(t)>07 o,(t) are continuous on [to, co), and lim,,, o,(t)=co, 
i=l , . . n. For other interesting particular results concerning (12) and (13) 
see also [l, 8, 10, 151 and the references cited therein. 
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LEMMA 1. If there are constants Tie R, ci 2 0, i= 1, . . n, t, 2 t,, and a 
continuousfunction q: [to, co) + [0, co) such that 
Pitt) 4 ci4(t)7 s ’ q(s)dszT, for tz tl, i= 1, . . . n, (14) a,(r) 
and 
n 
-a+ C cieaC>O (15) 
i= I 
for all a> 0, then all proper solutions f (12) are oscillatory. 
LEMMA 2. If there are constants TiER, ci 2 0, i = 1, .  .  n, t, 2 t,, and a 
continuous f nction q:[to, w ) + [0, a~) such that 
s 
a,(t) 
PiCt) 2 ci4(t)Y q(s) ds 2 Ti for t 2 tl, i= 1, .  . n, (16) 
I 
and (15) holds for all a> 0, then all proper solutions f (13) are oscillatory. 
We are now ready to state and prove our main results. 
Consider first Eq. (A). 
THEOREM 1. Let h(t) 2 h, on [to, co) for some positive constant h,. If, 
moreover, there xist an integer k 2 0, real numbers Ti, i= 0, . . k, and 
t, 2 t, such that 
s I P(S) dsz Ti for tz t,, i = 0, . . k, (17) +Mt)) 
and 
-a+ 5 (h,)‘e”“>O 
i=O 
(18) 
for all a> 0, then N + = Qr for (A). 
Proof Assume, for the sake of contradiction, hat N + # 0, i.e., there 
exists a nonoscillatory solution x(t) of (A) satisfying (2) for all arge t.Let 
k 2 0 be such that (17) and (18) hold for some real numbers Ti, i = 0, . . k, 
and all a> 0. The nonoscillatory function y(t) = x(t) - h(t) x(r( t)) satisfies 
the inequality 
y’(t) + p(t) i @,I’ y(r’Mt))) 1 w y(t) S 0 (19) i=O 
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for all sufficiently larget. However, this is impossible, ecause L mma I 
with q(t) = p(t), ci= (A,)‘-’ and n = k + 1 applied to(19) implies that 
under (17) and (18), the inequality (19) cannot have nonoscillatory 
solutions. Thuswe must have N + = 0. 
COROLLARY 1. Suppose h(t) 2 h, on [to, co) for some positive constant 
h, . If there exist an integer k _2 0, real numbers T,, i= 0, . . k, c > 0, and 
t, 2t, such that 
P(t) 2 c, d(g(t))st- Ti for tl t,, i=O, . . k, (20) 
and 
-a+ 2 c(h,)‘e”Tr>O 
;=a 
(21) 
for all CI >0, then N + = @ for (A). 
COROLLARY 2. Suppose h(z) 2 h, on [t,, co) for some positive constant 
h,. If there exist aninteger k 2 0, positive numbers pi, i= 0, . . k, c > 0, and 
t,.z to such that 
p(t) zf, 
and 
zi(g(t)) i Pit for t2_ t,, i=O, .,., k, (22) 
for all CI >0, then N+ =Q5 for (A). 
COROLLARY 3. Suppose h(t) L h, on [to, co) for some positive constant _ - 
k 
-a+ C c(h,)‘p,~“>O 
i=O 
(23) 
h,. If there exist aninteger k 2 0, positive numbers pi, i= 0, . . k, c > 0, and 
t, 2 to such that 
P(t)z&, 8( g( t)) 5 P’ for tit,, i=O, . . k, (24) 
and (23) is satisfied or all a> 0, then N + = /21 for (A). 
The following result establishes the nonexistence of nonoscillatory 
solutions f (A) satisfying (3).
THEOREM 2. Let O<h(t) sh* on [to, co) for some constant h*. If 
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moreover, there exist an integer m 2 1, real numbers S,, j= 1, ..,, m, and 
t, 2t,, such that 
s 
r-‘(s(r)) 
p(s) ds 2 Sj for tzt,, j=l,..., m, (25) f 
and 
--a+ i (h*)-‘em%>0 
j= 1 
(26) 
for all tl >0, then N - = Izl for (A). 
ProoJ If N- # 0, then for any m 2 1 the inequality (9,) has non- 
oscillatory s lutions. I  particular, if m is such that (25) and (26) hold for 
some constants Sj,j= 1, . . m, and all tl> 0, then the inequality 
i 
r’(t) -At) i VW’ A-jMW) 
J=I 1 
w At) 2 0 (27) 
possesses nonoscillatory solutions a d, because of(25) and (26), this con- 
tradicts theconclusion of Lemma 2 applied to(27). The proof is complete. 
As immediate consequences of the above theorem we get the following 
results which are analogous tothose in Corollaries l-3.
COROLLARY 4. Suppose 0 <h(t) sh* on [to, 03) for some constant h*. 
If there exist aninteger m 2 1, real numbers Sj, j= 1, . . m, d > 0 and t, 2t, 
such that 
At) 2 4 z-j(g(t))zt+Sj for tzt,, j=l,..., m, (28) 
and 
--a+ i d(h*)-je*q>O 
j=l 
(29) 
for alla>O, then N-=@for (A). 
COROLLARY 5. Suppose 0 -z h(t) 5 h* on [to, 00) for some constant h*. 
If there exist aninteger m 2 1, positive numbers oj, j= 1, . . m, d, and tl 2to 
such that 
p(t) 24, r-‘(g(t))hajt for tztl, j=l,...,m, (30) 
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-a+ -f d(h*)--‘aq>o 
j=l 
for all c( > 0, then N - = QI for (A). 
(31) 
COROLLARY 6. Sqpose 0 c h(t) j h* on [to, CC) for some constant h*. 
Ij’ there xist an integer m 2 1, positive numbers a,, j= 1, .  .  m, d> 0, and 
t, >= t, such that 
P(r)>&, 5-‘(g(t))2 to’ for tzt,,j=l,..., m, (32) 
and (31) is satisfied for all c1> 0, then N - = 0 for (A). 
Obviously, under conditions f Theorems 1 and 2, if both (18) and (26) 
are satisfied, then (A) cannot have nonoscillatory solutions f any kind. 
Thus, by combining Theorems 1 and 2, we obtain the following oscillation 
result. 
THEOREM 3. Let h, 5 h(t) _I h* on [t,, GO) for some positive constants 
h, and h*. Suppose that here xist integers k 2 0 and m 2 1, real numbers 
T,, i=O, . . k, S,, j= 1, . . m, and t, 2 t, such that (17), (18), (25), and (26) 
hold. Then all proper solutions f Eq. (A) are oscillatory. 
Similarly, combining Corollaries l-6 we get the sufficient co ditions 
which ensure the oscillatory behavior fall proper solutions f Eq. (A) in 
some interesting particular cases including neutral equations with constant 
parameters andneutral equations f Euler’s type. 
COROLLARY 7. If h, 5 h(t) 5 h* on [to, 00) for some positive constants 
h, and h* and there are integers k 2 0 and m 2 1, real numbers 
Ti, i=O, . . . k, Sj, j= 1, . . m, constants c > 0, d > 0, and t, 2 to such that 
(20), (21), (28), and (29) hold, then all proper solutions of Eq. (A) are 
oscillatory. 
COROLLARY 8. Zf h, 5 h(t)2 h* on [to, 00) for some positive constants 
h, and h* and there are integers k_T 0 and m 2 1, positive numbers pi, 
i = 0, . ..) k, aj, j= 1, ..,, m, constants c > 0, d> 0, and tI 2 to such that (22), 
(23), (30), and (3 1) hold, then all proper solutions f Eq. (A) are oscillatory. 
COROLLARY 9. If h, 5 h(t) 5 h* on [t,, 00) for some positive constants 
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h, and h* and there are integers k 2.0 and m 2 1, positive numbers pi, 
i = 0, . . . k, aj, j= 1, . . m, constants c> 0, d> 0, and t, 2 t, such that (23), 
(24), (31), and (32) hold, then all proper solutions f Eq. (A) are oscillatory. 
Analogous results hold also for Eq. (B). In order to avoid repetition, we 
omit hem. 
Finally, we give an example which illustrates our results. 
EXAMPLE. Consider the quation 
& [x(t) - hx(t - r)] + px(t - a) = 0, (33) 
where h, z, p, and a are constants with > 0, z # 0, and p > 0. 
Conditions (21) and (29) in Corollaries 1 and4 reduce to 
k 
-a+p c hi&“+“)>0 
i=O 
(34) 
and 
m 
-a+p C h-jeHjT-o),o 
j=l 
(35) 
for all CI >0, respectively. 
Suppose first that r>O and 0 <h 5 1. We claim that condition (35) is 
always satisfied or some integer m 2 1, i.e., N- = 0, in this case. Indeed, 
let nbe the least positive nteger such that nz - a > 0. Then, for any m 2 n, 
inf 
Lx>0 i 
--a+p t h-jedjl-n) 
j=l i 
1 
2 inf {-a + ph-“ea(mr-u)} =- 1 -In 
h” 
a>0 mt-a PW - 0) 1 
and the last expression s bviously positive f m is large enough. 
Similarly, if h2 1, then (34) is always atisfied or some integer k 2 /, 
where Idenotes the least nonnegative nteger such that a+ lr >O. Thus, 
N+ = Qr for (33) in this case. Inparticular, if h= 1, then both (34) and 
(35) are satisfied. 
Summarizing theabove observations we obtain that in the case t> 0 all 
proper solutions f (33) are oscillatory, if h= 1, or if 0<h < 1 and there 
exists aninteger k 20 such that condition (34) is satisfied, or if h> 1 and 
there exists aninteger m 2 1 such that (35) holds. 
Furthermore, by applying Theorem 2.6.3 from [15]. we get hat condi- 
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tion (34) is satisfied for some k >= f, i.e., N += 12( for (33) if there xist 
positive constants Ki,i = 1, . . k, such that Cf=, Kj = 1 and 
k& c C 1 -In Ki >o ;=,a+iz ph’(o + iT) 1 ’ (36) 
Similarly, from Theorem 2.6.7 in[15] it follows that (35) is satisfied or 
some m >= 12 if there are positive constants Mj, j= n, . . m, such that 
cJYn IV,= 1 and 
For particular choices 
Ki= 
h’(o + iz) 
CT=, h’(0 +jt)’ 
i = I, . . k, 
and 
condition (36) reduces to
and 
ph ‘k+‘“‘~I(o+ir)>f, (39) 
respectively, and for 
j = n, . . m, 
and 
condition (37) becomes 
(37) 
(38) 
(40) 
416 
and 
JAROSLAV JAR03 
9 
-(m+nU 5 (jT-b)>;, 
j=n 
(41) 
respectively. 
Consider now the case r< 0. As easily seen, the necessary condition f r
N + to be empty is that 0> 0. Denote by f the largest nonnegative nteger 
such that CJ +fi >O. Similarly, the set N- can be empty only if (T <r. 
Denote by fi the largest positive nteger such that Et - (T >0. 
Since conditions cr >O and 0 <r < 0 are inconsistent, he sets N + and 
N- cannot be empty simultaneously. Thus,we are not able to ensure the 
oscillation of all proper solutions f (33) in the case p> 0 and z ~0. 
Nevertheless, if 0 > 0, then from Corollary 1 it follows that N + = 0 
provided that (34) holds for some nonnegative nteger k and if 0< z, then, 
by Corollary 4, N - = @ provided that (35) is satisfied or some positive 
integer m. We note that if (34) (resp. (35)) holds for some nonnegative 
integer k 5f (resp. ositive m 5 fi), then it is satisfied alsofor I(resp. fi). 
Thus, it suffices to verify (34) (resp. (35)) for t(resp. for 17). 
Furthermore, thecondition (34) holds for t if there xist positive 
constants 13,, i =0, . . I; such that C’= 0 Ki = 1 and 
‘I& c 1 -In Ki ,O i=,a+ir ph’(a + iz) 1 (42) 
and (35) is satisfied or E if there exist positive constants I@~, j= 1, . . fi, 
such that Cj”= Ili;ii = 1 and 
“li-ij c 1 -In li;iih’ j=,jT-a p(jt-a) ‘O* 1 (43) 
As before, for suitable choices ofconstants Ki and Gj, from (42) and (43) 
we obtain “easily verifiable” conditions which ensure that N+ = @ and 
N - = 0, respectively. 
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